Iﬂtro tO Gent‘e Ata' Kgoun&mo Kim

§l. Gentle alaebras

* Assem and Hkowrbnski (1987) ineroduced ¢ 8ent|e alaebra’ to 9tud8 ‘iceraeed tilced alaebra’ of type A.

Def) A guiver pair (Q.1) is gende if

"(R,,0.,5.)

. for ang VEQR,, #S(V), Bt v ¢2,

. ocor 008 K€ Q,, thereis at most one Qrrow [? such that t(p)=S(X) ondl X2

!

. for any e Q, I B . tp)=six) ond BOlE]
. for ana e Q, " Y " tH)=S(r) ond XY € .
- for anyg ke @, " v’ v to)=S(Y) ond AT’ €]

A k—alaebra is 8encle if it is Morica eguivalent to [KQ/1 for some gentle Fuiver pair (Q. 1)
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You will see more complicated examples in the next leceure by Kaunamin relaced with alaebraic aeomecrd d .‘&q/_w
N

§ome PI’OPeYtieS :

Def) Apath p=o--on in (Q,1I) iSapathin Q such that 0y ¢1 for ang i=1,..n-1 (58“"’0‘6"6'51 proin KQs)

It is moimal if there is no path properly concoinina p.

prop) -Ana arrow (or any path) is contained in aunigue maximal path
- { paths } v {trivial paths} is a basis for KQ/T

. Ana pach in Q can be written as a prooluct of paths p-- P, ina uni%ue waa so that P,P,, =O in KQ/1
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maximal paths ¢ BT, §
BTEap = (BrIUEIp),

Thm) ( Achroer - Zimmermann, 2003 )

Let A be o finite dimensional 8encle odaebva, Then, any alaebra derived eguivalent to A is 8entle.

In other words, the class of Sem;le alaebras is closed under derived eguivalence.



APPehdil) Check A2 theorem for a simple example bg handl.
Thm) ( Achroer - Zimmermann, 2003 )

Let A be a finite dimensional 8encle odaebva, Then, any alaebra derived eguivalent to A is gentte.

In other words, the class of Sem;le alaebras is closed under derived eguivalence.

- Derived eguivalence and tilt‘ma obgect.
Def) An obgect (or a complex) T e perf(A) is o tut.'na object if
© Hompyp, (T, Ttn) =0 for ong N30,
- LTy =perf(A).

Thm) [Happel] For a ti'tina complex T of A, there is a derived eguivalence D°A) = NP(End.y,, (T1)

DA)

Thm) CRickard ] If A ond B are derived eguivalent, then there is a tiltin8 complex T of A such that Eno‘D”(m(T) 2B

€x) Consider A= k(ug—yz-ﬁ—);)_ We Know the full list of indlecomposable objects of DP(A) (upto shife) -

Let us denote ba M; the representation (M;)k - i K 2¢key,
0] ow.
Then, the AR-guiver of Ais,
N SN 2N 2N 7
MQ M5 M M) :
jY N N 2N 7 A
M M M M
So we hove four types of titing obgects : oy ¢ e =

These are all 8encle R

So, an olaebra is derived eguivalent to A iff itis a 8encle alaebra one of



K™* (Proj(ka/1)
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@2. Indecomposobles in DB(KQ/I) for a Sem:le pair (Q,1).
. Bekkere and Merkien (2003) 8ave a classification of indecomposable obaects of bounded derived category of 8ende alaebra,

Thm) There is one-to-one correspondence between ind DP(KQ/1) and {89"6"5‘“16‘* serings }u{aeneralized bandls { U { non-perfect thi"gs}

Up to olearee shift.

Rmk) Opper, Plamondon, and Achroll (2018 arxiv) found a geometric model for the classification.

S(A) = £(X)

Jond let X =K. @Q ={&F : ce
E(@) = Str) " Q, { Q},

- Introduce o«‘{ormol inverse’ & for each e Q, with {
. Forapath p=.- i, let 5:&,. O p;: fpaths in (Q.l)} and ﬁ;: {forma' inverses °7cPath$ in (Q.l)}-
(O Generalized serings

Def) A 8enem|;zeo( Strina is a seguence of (formal inverses of) paths W:=w,---w, ( W;e PuP) such that

c i Wi, Wy, € P, then wyw;, €1 : (the last arrow of w;)-(the first arrow of Win) €1

. if Wi, WieP, then W,w; el : (the firsc arrow of Wiy ):(the last orrow of Wi) €1,

. otherwise, W;wiy, is reduced : (the last arrow of w;) # (the first arrow of Wiy )

we reaard trivial poths ey 8eneraliteol strings as well,

Let us denoce ba Gst the sec of 8eneraliiea| StHnSS ond define an eguivalence relation ~s on Gt 05 W' ~w* iff w =_Mi or
w'=w?

Then, defire Gse = Gse /~y

Def) For aaenem“ied String W= Wi Wh, 0 groding i is o seguence (M), . Of integers defined by

MG-0-1 o weP
/u(o):=0, JALR) =
MG+ if WeP

Def) For a Seneraliaed String W= Wi Wi, define o projective complex (Ry.d) as follows. Lee Vo:=S(w) and Vji=tiw;),
- R:J s @ P1).i
M=V
- §is 5iuen ba w;: if W ep, it 8ives o differential (Swi : pﬂw“ — P‘Wv
.I]r- wiep, ! 8“—': :PS(WH . pcr.wu
g 3 _
€0 1290 Reduced words : A~ &, 6~F , T~F , of ~fit , o7~ 75, BY ~Tp.
™S4
I={ar 1 GS € with M Proa'eccive complexes ( underlined component is at dea o)
e.,ez,e;<——> P,,B,Eg
* [4 Y
0BT R—-—;B ) P’__'E%: pq__,g
g0 — pp

v
/7 (012 — Py — PP

E/Y:(O,l,o)<_, F%@Pq — pz




@ Generalized bands

Def) A Seneralkzed band is a 8eneralhaed String W =wi W, such thot

. tw)=sw) and W W, - WaW,i - Wh iSO 8eneralizeol string .
- W i Nnot . power of other 8enerali2eol Strina swEU” for ana U and mz22.

pm =0 BliowiePl=#{iweP}

Let us olenote ba é@; the set of 8eneraliieo' bands and define an eguivalence relation ~r as

W' Wi Wa ~ W2 Wie wl iff WinsW? or W ~sWiirl=wd, - wiwit.. W)
~
Then, define GBa = Gba/~

e /cf\'kls X" is o gband, buc ok-f"ox-f" is mot & g band.
\ﬁj E\—‘ v §-€" is not o g.band (M=1)

Def) For a aenerolizeol band W =W, .- w, , ek, and d 21, define a progective complex (P, 4 §) as follows.

"B =® PR, oK
M3V
17234 A
. §is 8iven ba W, ®@idyd , ..., Wy, ®idyd , andl Wn®d, where , 1is the Jordan block | !
- Wa®Jdad
that is, if waeP, it gives R, &K >, R oK
if waeP, it gves RM®,KJ W ®J,,4 R.. oK’
A
€x) | v?_ Gba = {d-[;"f
i oA o 35K
For d=1, AeK*, the correspondina complex is P, —— P = J,['
@)

K = K
)

o >«
‘ ) A XId+BIrd _d I
For 8eﬂeral d and Aek* the correspondma complex s p% ———5 P° = [?J [3:’,.1} ~ K

’Kd > ”( ZJ
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@A}on—PerfeCt complexes
Rmx) When (Q.1) has a forbidden cycle , a nge X, -Okn SUCh that Ok Oy, O €1, then KQ/1 is not ‘smooth.’

There is o complex C'e DP(KQ/L) which is not isomorphic to a boundled progective complex.

| <i 2ia Y Consider a (infinite) aenerali%ed Gth'na W = 5-'/0‘/5/?’/0(/ .

Ex) 7
(3\‘/ v g o ‘s p x v g 08
3 The corresponof"”a complex is .- =P, —B 2P —f =R —P—p —PeR—PF —o0
W_/
exact part
Def) A left infinite generaliieol Strina is a seguence W: ... -wywi,w., such that
W W€ és\e for any k2,
. there is Some k21 such that W.g Wi, ... € Q
A right infinite 3eneranaeol Strina is a seguence W :ww,w; - cuch that
S Wy wy eé;(; forana kz;’
€EQ, ]

. there is Some k2| such that Wg Wy, ...

An infinite_generalized Stn’na is a seguence - WL W. W, W, W, .- Such that
J

CWoW, W, is a left infinite aeneralizea( scn‘ra
>

WoW W, -+ 1S Q riaht infinite 6enerolizeo| ‘;triﬂa

o 4 v, ____ _ ’
€x) g T, o BTG T, BotOs 15 left infinite Sting but .- 00O\ L0, Y S ot

)\
N/
. ’)’;Y;—P-O‘;O(;Oh o2 - - IS Q right infinite 3eneralizeo| Stn‘na_

ce BV B Gaiky e is aN infinite 5enerc\lizeal strin@.
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KR/BIY/EX BT 18] - s not a right 8eneraliaed sering - as §x¢Q,

Thm) ((3ekkert - Merklen] Any indecomposoble object i DPKQ/I) s isomorphic to one of

- P, for some we GSt

Prsd For some weGba

- P, for some (lefe /nghc) g stn’ns,



