
C. Differential graded categories exact dg categoriezu mus
earlier now

Fix a commutative ring I

Definition: # differential graded category is a category enriched over 1-complexes Elk

Elk has objects complexes ...

->um Unte
... Huet VW alk-modale

and dod" = O
n

Morphisms are (f"-WY) St
. drf= fid for all n

elk comes with a monridal structure
,
V = (v : di)

,
W = (Widn) -> Elke

VoW is defined by NOW)" :=V ,
der von:du

- Symmetric VOW-Wer
Illw

vowf) wer Koszul sign Internal Hom
Y

Oservation: - * V : Elk-elk has a right adjoint Homic (V, -)
,
explicitly :

Hom (V
,
W) : = & (f"V"->Y***) mex 3 000

-> V- V-
+

-
60

/D. No condition for the fu 127)
n + m + 1

E

Hom (v, w) = elk (v, w) in general ooa

-> whinwh-W-
-oo

d
Homilms (f) : = doof-(1) fod

For Vell define VC1 by USA" : = Um
, dray

= -dr-HomN, W) = Homi (, W(ni)

A consits of a class of objects and for any
two X

,YeADefinition:A dyCategoryanof morphisms and composition morphisms which is associative + unitah.
-

-> Leibnitz ruleA(y
,
z)A(x, y)- A(X

, z)

Example (elk, Homi) , 1) dre Hom(v witho t
-> drow = du1 + 10dw

D (fog)(xxy) = ( - 1)(s)(x) f(x)g(y) switching g and x

(2) Balk-algebra ,
Mode all (right modules -> EdgB dy category of complexes of B modules

(3) dglk-algebra A > dg category with one object *, A = Home (*,*)

(4) differential graded quiver , example :

j
A (i, i) = 1 Hi A(1

,
2) =(k A(2 , 3) = 1B

->
1-

12 - 3 ↓(1, 3)= d(u) = Ba
B

| al = 0 = (B)
,
(e) = - 1

-> dg path algebra/ category

(S) A dy category -> opposite category & with forg : = (-1)'fls gof



④ 0 - 1 A

1) A
,
B dy categories a AxB with objects ObAxOSE (7)

O 00 -> 01

Ax((X
, 4)

,

(x, y))) := A(x ,x)xB(y , y) ↓ ↓ IB G AB

(geg') + (fof)) = ( - 1(51)(gof)(got) 1 10 -11

Definition A
,
B dy categories. A dg functor consits of a map

F : Objf - Obje and

YX
, Ye A F = Ex : A(X

, y)- B(FX, FY) hism of complexes

compatible with composition and units
.

-> Fun (A
, 23)ategory of dg functors (not. transform ...)

-roposition (dg(at , Q) is a symmetric monridal category With terror unit 1k = x01K

Furthermore
,
it has an internal Hom Fundg (A, 23)

-> Fundg (A, 23) dycategory of do functors Fict+ 3

-Definition: A a dg category
ker(dG

· the O-truncation of of
,
Tod

,
is the dg category

=
=
f(x

, y) = (..- A(X,y)- A(x, y))- zof(x, y) + ...)-

with the same objects and for X
, Y-TzoA

· the O-cocycles of A
,Zo isthe e zoA(X, y) : = kar (de(x

,

x)
with the same objects

· the O-cohomology of A, Hot
,

is the mategory HoA(X
, 3) : =

zof(X
,Y)/im (dig(x

,
y)with the same objects and for X

, Y Ho-

Remark: We have do functors HA TooA A

&

Definition : F : A + B is a quairequivalence if HOF : HA-HOB is an equivalence and

for all X
,YE Exy is a quasi isomorphism . isomorphic in cohomology

Exampleslk-algebra = zoB = CB
, HolgB =HB homotopy category CB/homotopy

-> f
, g : X-1Y

in EB are homotopis if TheHom(X, Y) f-g = droh + hod

(2) A = A dg algebra => ZA = ZA
,

Hol = HA

(3) 1
=24> 3d(t) = Ba "Sequence upto homotopy"

A =-
ei

& B
za = 1=21, 3 Hot = 1 - 2 -> 3

.....

&

Reminder : B alk-algebra -> B = B as category with one object

right modales

=> ModB = Fun (Bo ModIk)

=>eB = Fun (200
,
elk) = Fun (25

, edglk)



&

Definition: o a dg category M
,
NzeA f: M +N

,
fx orphislexes

ed := Fun (1
, Tag(k) ategory of (right) A-modules MX( MY

VXby Ext G Wfy
Morphisms = natural transformations

NX-NY

Example: X-A => X" : = Al-
, X) : 10- el the representable dg module

1

-MonedaLemma A dg cut
,
Xe *, META => et(X*, M) -> zo morphisms !

~> Solution : dg-category of dg modules Y 1- 4(1x)

&efinition : A a dg-category ,
define the dg cat of A modules lagA := Fundg(A, Pay(k),

Explicity for

S
MX (

2
My

3
M
,
Ne Ent

@gA(M,N)" : = f-Hom(MX, NX) (m Hyf(x,y)fx ( ↓ fy
Remark : CA = zoedgA

↑
no constrains /D

NXX NY

ZonedaLemma A dg cot
,

X Ef
, Melogt Yat(X" , M) + MX

4 m y(tx)

y
:

LetHAHAHAMO XA gx : MX- NX is a giso , ie

Ho (g[ni) : Ho MX[n]) -> HoNX(3) is an isomorphism (invariant under homotopy)

Definition: o n dycategory. The derived category of A is the localisation of HA at the gios

DA := MAdgis] - Universal Property t Algisodisos

DA ... ...
7 ! F

Theorem The Localisation functor caniHA ->Do admits two fully faithful adjoints
E "

Projective resolution"
-

↓
canHA-> DA
↓
-

"injective resolution"

=> In particular, No is indeed a category.
z

-&eminder : A abelian/exact cat 2 Ed has an exact structure given by degreewise split S . e . S .

dg
In fact

,

this is a Frobenius exact structure
-
-

=> HA = IA stable category canonically carries the structure of a triangulated category
T/ -'injective hall

Projective - injectives
X - [(x) - X(1)

complexes
, flf : X -> Y null homotopis T

are the nellhimotopic

#
triangle

iff X factors thron I(x) Y -> Conelf)-X [1] exact/destinguished



=> If D is a category is canonically triangulated since

DA = DASqist] =HA/EXF0] canonically triangelated since [X03 inmusystem

Definition: A dg category A is called pretriagulated if the fully faithfull functor

biH"Y : Hod-HA (induced by dg Younda functor J :A- Edget)
induces the structure of a triangelated category on

Hot

Explicitly h is supposed to be stable under the suspension [11] and taking cones
,

In this case we call the triangelated category Hotelgebraictriangulated category

Theorem T algebraic triangulated category iff J stable modula category of some Frodenius exact category.

Lemma The Verdier Localisation of an algebraic category is alsobraic
.

(Ignoring set theoretic problems)
-

Remark : all triangulated categories in algebra are algebraic-

Outlook :
-

pretriagulated - exact dg [Xinofa Chen 2023]#dy category generalisc category

y
14 ·

generercise

↓ He jalgebraic algebraic
triangelated cat ↳ extriangulated cat [Nakarka-Pala 2019]

↑ ↑
abelian cat- > exact categories


